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Abstract
Spectrum, radii, radial wave functions at origin, decay constants and momentum widths
for radial and orbital excited Bc mesons are derived within non-relativistic quark model
framework through finding numerical solution of the Schrodinger equation by shooting method.
Masses of orbitally excited states are derived with a more simpler method that is developed
by combining the uncertainty and variational principles. Masses of Bc mesons are also calcu-
lated by using Momentum widths. Besides calculations, theoretical results are compared with
the experimental observations which have implications for scalar form factors and leptonic
decays of Bc mesons.
I. Introduction
Bc meson, with beauty(b) and charm(c) quarks, is the most important meson for understanding
of Quantum Chromodynamics (QCD) due to its different flavoured heavy quark-antiquark pair.
Its mass lies in between charmonium and bottomonium mesons. The ground state of Bc meson
is discovered in 1998 at Fermilab in Collider Detector [1] with mass 6.2749± 0.0008 GeV. After
decades of Bc(1S) discovery, ATLAS Collaboration observed a mass of 6.842 ± 0.009GeV for
excited state Bc meson [2], but this result is not confirmed by LHCb Collaboration [3]. Recently,
CMS Collaboration [4] observed two peaks for the excited states of Bc meson, B
+
c (2
1S0) and
B+∗c (2
3S1). The mass of B
+
c (2S) is measured to be 6.871 ± 0.0012 ± 0.0008 ± 0.0080 GeV [4].
A mass difference of 0.0291± 0.0015± 0.0007 GeV is measured between two states [4]. However
exact mass of B+∗c (2S) is unknown. The reason of the difference between ATLAS and CMS
measurements could be that the peak observed by ATLAS was the result of superposition of
two states( B+c (2S) and B
+∗
c (2S))[4].
Theoretically, Bc mesons have been studied through quark potential model [5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16], QCD sum rule [17, 18, 19, 20], the heavy quark effective theory [21] and
lattice QCD [22, 23, 24].
A variety of numerical techniques are available in the literature to solve the Schrodinger
equation. In this paper, Schrodinger equation with non-relativistic potential model is solved
numerically for Bc meson using Born Openheimer formalism and adiabatic approximation for
ground, radially and orbitally excited states of Bc meson. This numerical solution is used to
find mass, radial wave function at origin, decay constants of pseudo scalar and vector meson,
rrms and momentum width.
In Ref.[25], variational principle is combined with uncertainty principle to derive the con-
straints to the mass of cc meson with same flavour of quark and antiquark. In this paper, work
is extended for Bc mesons with different flavour of quark and antiquark.
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Potential model used for conventional mesons is discussed in the section II of this paper
which was further used to calculate radial wave functions for the ground and radially excited
state Bc mesons by solving the Schro¨dinger equation numerically. The expressions used to find
masses, radial wave function at origin, decay constant, root mean square radii and momentum
width of Bc mesons are also written in section II. In section III, a more simpler technique,
developed by combining uncertainty principle and variational principle, is used to calculate the
mass of ground state of Bc meson while the results are discussed in section IV.
II. Conventional Bc mesons
0.1 Schrodinger Equation
Properties of mesons can be derived by solving the Schro¨dinger equation:
HΨ = EΨ (1)
where H is the energy operator known as Hamiltonian and E is the total energy of the system.
Hamiltonian can be defined as:
H = HT +HV (2)
HT is the kinetic energy part of the Hamiltonian and is defined as:
HT =
P
2
2µ
(3)
with P as the momentum and µ as the reduced mass of the quark-antiquark system. Potential
energy part of the Hamiltonian for mesons is modelled as [26]:
HV = V (r) = H
conf +Hcont +Htens +Hs.o, (4)
Here
Hconf =
−4αs
3r
+ br, (5)
Hcont =
32piαs
9mqmq
(
σ√
pi
)3e−σ
2r2
Sq.Sq, (6)
Htens =
4αs
mqmqr3
ST , (7)
Hs.o = (
Sq
4m2q
+
Sq
4m2q
).L(
4αs
3r3
− b
r
) +
Sq + Sq
2mqmq
.L
4αs
3r3
, . (8)
In Hconf , first term describes coulomb like interaction while the second one is due to linear
confinement. Hcont, Htens, and Hs.o describe the colour contact, colour tensor, and spin orbit
interactions respectively. αs, b and ST are the strong coupling constants, string tension and the
tensor operator respectively. ST is defined as:
ST = Sq.rˆSq.rˆ − 1
3
Sq.Sq, (9)
such that
<3 LJ | ST |3 LJ >=
{ − 16(2L+3) , J = L+ 1
+16 , J = L
− L+16(2L−1) , J = L− 1.
(10)
−→
L .
−→
S = [J(J + 1)− L(L+ 1)− S(S + 1)]/2, (11)
Here, L is the relative orbital angular momentum of the quark-antiquark and S is the total
spin angular momentum. Hs.o and Htens are equal to zero [28] for L = 0, where in the eq.(6)−→
S q.
−→
S q =
S(S+1)
2 − 34 . and mq is the constituent mass of the quarks.
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Figure 1: 1S0 state for n=1,2,3. Line curve is for n = 1, the curve with line plus dots is for
n = 2 and dashed curve is for n = 3
0.2 Spectrum of Bc Mesons
To find the mass of Bc mesons, numerical solution of the radial Schro¨dinger equation:
U ′′(r) + 2µ(E −HV − L(L+ 1)
2µr2
)U(r) = 0. (12)
is found by using the shooting method. Here U(r) = rR(r), product of interquark distance r
and the radial wave function R(r). At small distance(r → 0),wave function becomes unstable
due to very strong attractive potential. This problem is solved by applying mearing of position
co-ordinates by using the method discussed in ref. [27]. The parameters (mb,mc, αs, b, σ) are
found by fitting the meson’s mass with experimentally known mass, we got the following values.
mb = 4.733GeV,mc = 1.3841GeV, αs = 0.4035, σ = 1.0765GeV ,and b = 0.18 GeV
2. Mass of a
bc state is obtained after the addition of constituent quark masses in the energy E. Radial wave
function of 1S0,
3S1,
3P2 and
3P0 are shown in Fig. (1-4) for first three radially excited states.
0.3 Mixed States
Mesons having same mass of quark and antiquark satisfy the parity and charge conservation laws.
But mesons with different mass of quark and antiquark do not satisfy the charge conservation law.
Bc mesons with different flovoured quark-antiquark are not eigenstates of the charge conjugation.
So the states with same J and P , but with different S can mix. Bc(
1P1) and Bc(
3P1) are the
states with same J and P .
|P 〉 = cosφM
∣∣1P1〉+ sinφM ∣∣3P1〉 , (13)∣∣P ′〉 = − sinφM ∣∣1P1〉+ cosφM ∣∣3P1〉 , (14)
where θM is the mixing angle.In heavy quark limit φ
o
M = tan
−1
(√
L
L+1
)
. For L = 1, φoM = 35.3
o.
For L = 2, φoM = 39.2
o. Mass for mixed states P , P ′ and D, D′ are reported in Table 1.
0.4 Radial wave function at origin
For normalized wave function
U
′
(0) = R(0) =
√
4piψ(0). (15)
U
′
(0) is calculated to find the radial wave function at origin whose magnitudes are reported in
Table 2. For the states with L > 0, wave function becomes zero at the origin.
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Table 1: Masses of ground, radially, and orbitally excited state Bc mesons . Calculated masses
are rounded to 0.0001 GeV.
Meson JP My Calculated Theo. Mass Theor. Mass Theo. Mass(GI) Lattice Exp. Mass
State Mass [5] [16] [26] [38]
Model
GeV GeV GeV GeV GeV
(13S1) 1− 6.3062 6.314 6.326 6.338 6.331± 0.004± 0.006
(11S0) 0− 6.2740 6.274 6.271 6.271 6.276± 0.003± 0.006 6.2749 ± 0.0008
(23S1) 1− 6.8845 6.855 6.890 6.887
(21S0) 0− 6.8717 6.841 6.871 6.855 6.871± 0.0012± 0.0008 ± 0.0008
(33S1) 1− 7.2905 7.206 7.252 7.272
(31S0) 0− 7.2818 7.197 7.239 7.250
(43S1) 1− 7.6323 7.495 7.550
(41S0) 0− 7.6255 7.488 7.540
(53S1) 1− 7.9374 - 7.813
(51S0) 0− 7.9317 - 7.805
(13P2) 2+ 6.7362 6.753 6.787 6.768
(1P ′
1
) 1+ 6.7455 6.744 6.776 6.750
(1P1) 1+ 6.7182 6.7271 6.757 6.741
(13P0) 0+ 6.7224 6.701 6.714 6.706
(23P2) 2+ 7.1585 7.111 7.160 7.164
(2P ′1) 1
+ 7.1725 7.098 7.150 7.15
(2P1) 1+ 7.1399 7.0947 7.134 7.145
(23P0) 0+ 7.1524 7.086 7.107 7.122
(33P2) 2+ 7.5105 7.406 7.464
(3P ′
1
) 1+ 7.5256 7.393 7.458
(3P1) 1+ 7.493 7.4039 7.441
(33P0) 0+ 7.508 7.398 7.420
(43P2) 2+ 7.8231 - 7.732
(4P ′1) 1
+ 7.8384 - 7.727
(4P1) 1+ 7.493 - 7.710
(43P0) 0+ 7.8222 - 7.693
(13D3) 3− 7.0137 6.998 7.030 7.045
(1D′
2
) 2− 7.0093 6.984 7.032 7.036
(1D2) 2− 7.0097 6.986 7.024 7.028
(13D1) 1− 7.0008 6.964 7.020 7.041
(23D3) 3− 7.3775 7.302 7.348
(2D′
2
) 2− 7.3755 7.293 7.347
(2D2) 2− 7.0097 7.294 7.343
(23D1) 1− 7.0008 7.280 7.336
Table 2: Radial wave function at origin and decay constant of Bc mesons .
Meson JP My Calculated My Calculated |R(0)|2 My Calculated fp fp fp fp fp
State |ψ(0)|2 |R(0)|2 [36] fp [36] [37] [33] [32] [35]
GeV3 GeV3 GeV GeV GeV GeV GeV
(13S1) 1
− 0.1557 1.9566 - 0.5443 0.471 - 0.411 0.604 0.435
(11S0) 0
− 0.1782 2.2393 1.994 0.5839 0.498 0.528 ± 0.019 0.412 0.607 0.432
(23S1) 1
− 0.0956 1.2014 - 0.4083 0.356
(21S0) 0
− 0.1003 1.2604 1.144 0.418 0.355
(33S1) 1
− 0.0802 1.008 - 0.3634 0.326
(31S0) 0
− 0.0827 1.0392 0.944 0.3693 0.325
(43S1) 1
− 0.0727 0.9136 - 0.3381 0.308
(41S0) 0
− 0.0745 0.9362 0.8504 0.3423 0.307
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Figure 2: 3S1 state for n=1,2,3. Line curve is for n = 1, the curve with line plus dots is for
n = 2 and dashed curve is for n = 3
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Figure 3: 3P0 state for n=1,2,3. Line curve is for n = 1, the curve with line plus dots is for
n = 2 and dashed curve is for n = 3
2 4 6 8 10 12
r
-0.4
-0.2
0.2
0.4
0.6
U
Figure 4: 3P2 state for n=1,2,3. Line curve is for n = 1, the curve with line plus dots is for
n = 2 and dashed curve is for n = 3
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Table 3: Radii and Momentum Widths of Bc mesons.
Meson JP Our Calculated β
State Radii with NR potential
Model
fm GeV
(13S1) 1
− 0.345 0.7007
(11S0) 0
− 0.333 0.7254
(23S1) 1
− 0.715 0.3378
(21S0) 0
− 0.7079 0.3412
(33S1) 1
− 1.0132 0.2384
(31S0) 0
− 1.0082 0.2396
(43S1) 1
− 1.2733 0.1897
(41S0) 0
− 1.2694 0.1903
(13P2) 2
+ 0.5702 0.423
(13P0) 0
+ 0.5673 0.426
(23P2) 2
+ 0.893 0.2705
(23P0) 0
+ 0.8883 0.2719
(33P2) 2
+ 1.1656 0.2072
(33P0) 0
+ 1.1622 0.2078
0.5 Decay Constants
|ψ(0)|2 is used to find the decay constants (fp) of pseudo scalar and pseudo vector mesons.
Following Van-Royen-Weisskopf formula [31] is used to find decay constants.
fp =
√
3|R(0)2|
piMp
=
√
12|ψ(0)2 |
Mp
. (16)
where Mp is the mass of corresponding meson. I used the numerically calculated masses (given
in Table 1) for pseudo scalar and vector meson.
0.6 Radii
The normalized wave functions are then used to calculate root mean square radii using the
following relation: √
〈r2〉 =
√∫
U⋆r2Udr. (17)
0.7 Momentum Width
Momentum width (β) for a system of quark-antiquark bound state is defined as [34]
β =
√
3
2
1
rrms
(18)
Using the root mean square radii, β is calculated.
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Table 4: Mass of Bc mesons Using eq.(23). Calculated masses are rounded to 0.0001 GeV.
Meson JP xmin rmin Mass % error
State fm fm GeV
(13S1) 1
− 5.8729 0.1128 0.195 6.87
(11S0) 0
− 5.8497 0.109 0.189 6.7
(13P2) 2
+ 6.6994 0.2355 0.408 0.55
(13P0) 0
+ 6.7073 0.208 0.36 0.22
(13D3) 3
− 7.113 0.341 0.591 1.42
(13D1) 1
− 7.129 0.331 0.574 1.83
III. Spectrum of Mesons by Uncertainty and Variational Princi-
ples
Heisenberg’s uncertainty principle can be written as
βx ≥ 1
2
(19)
with ∆px = β (momentum width of the wave function) and ∆x = x (size of meson corresponding
to wavefunction). As Hamiltonian is the sum of kinetic and potential energy, so can be written
as
H =
P
2
2µ
+HV (r), (20)
or
H =
p2x
2µ
+
p2y
2µ
+
p2z
2µ
+HV (r) (21)
From uncertainty principle, β ≥ 12x . Assuming β = px = 12x , Hamiltonian can be written as
H =
1
2µx
+
1
2µy
+
1
2µz
+HV (
√
x2 + y2 + z2) (22)
Assuming x = y = z, minimize the Hamiltonean with x. Using rmin =
√
3xmin, the rmin is
calculated. Then following expression is used to find mass of Bc mesons.
M = mQ +mQ +H (23)
Combining Eq.(22)and Eq.(23),
M = mQ +mQ +
1
8µr2min
+HV (rmin) (24)
The masses calculated by this method are reported in Table 4. For Bc(1
1S0) state, % error
is calculated by taking the experimental mass of this state, while for other states, % error is
calculated by considering the masses reported in Table 1. % error reported in Table 4 show that
this method is successful for ground state as well as for orbitally excited states.
eq.(24) can be modified by replacing rmin with rrms. The modified form of eq.(24) can be
written as
M = mQ +mQ +
β2
2µ
+ V (rrms) +
L(L+ 1)
2µr2rms
(25)
The mass obtained by using β and rrms in Eq.(25)are reported in Table 5.
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Table 5: Mass of Bc mesons . Calculated masses are rounded to 0.0001 GeV.
Meson JP Mass % error
State by Varaitional
GeV
(13S1) 1
− 6.3544 0.764
(11S0) 0
− 6.3478 0.112
(23S1) 1
− 6.6745 3.050
(21S0) 0
− 6.6676 2.97
(33S1) 1
− 6.9635 4.485
(31S0) 0
− 6.9587 4.437
(43S1) 1
− 7.2126 5.499
(41S0) 0
− 7.2089 5.464
(13P2) 2
+ 6.6469 1.326
(13P0) 0
+ 6.6453 1.147
(23P2) 2
+ 6.8929 3.71
(23P0) 0
+ 6.8889 3.684
(33P2) 2
+ 7.1366 4.979
(33P0) 0
+ 7.1335 4.988
IV. Discussion and conclusion
In Fig. (1-4), radial wave functions are plotted against quark-antiquark distance. Figures
illustrate that the peaks are shifted away from the origin with the orbital excitations. It is
observed that the number of nodes increases by going toward higher radially excited state. In
Table 1, calculated masses are reported for the ground as well as radially and orbitally excited
states of Bc mesons in non relativistic framework along with the experimental and theoretical
predictions of the other’s works. Calculated masses are in complete agreement with the already
calculated theoretical masses as well as the experimental values. The results reported in Table 2
illustrate that wave function at origin and decay constants are decreasing toward higher radial
excitations. Pseudo scalar Bc mesons have higher values of |ψ(0)|2 and fp as compare to vector
mesons. The wave function at origin and decay constants are compared with others work in
Table 2. In Table 3, radii, momentum widths are reported in 3rd and 4th column. It is noted
that radii of BC mesons increase with radial and angular excitations. Mass calculated by using
the radii and momentum widths are reported in Table 5.The % error between this mass and
numerically calculated mass (reported in Table 1) shows a good agreement. It is observed that
the different states of Bc mesons described with momentum width depends on L and rrms. It is
concluded that the constraints derived between mass and radius by combining the uncertainty
and variational principles give accurate results for ground state as well as radially and orbitally
excited states.
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